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We show that the supersymmetric algebra of Witten’s quantum mechanics is invariant under a given point
canonical transformation. It is shown that Witten’s supersymmetric quantum mechanics can be isospectral or
not to the seed Hamiltonian depending on the space coordinate you work on. We illustrate our results by
generating a new class of exactly solvable supersymmetric partner Hamiltonians which are not isospectral to the
seed Hamiltonian.
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The solutions of the non relativistic Schro¨dinger equation
are important because they often reveal the underlying sym-
metry and features of the physical system. The number of
known exactly solvable quantum potentials has expanded con-
siderably in recent years due to supersymmetry. The ideas
of supersymmetry are based on the factorization method first
proposed by Dirac in 1930 in order to solve the one dimen-
sional harmonic oscillator.[1–3] Years later, Infeld and Hull
gave a classification of all systems solvable through the fac-
torization method.[4–6] The generalization of the factoriza-
tion method initiated with the work of Witten in 1981.[7, 8] In
Witten’s one dimensional supersymmetric quantum mechan-
ics the Hamiltonian of a given system is represented by a pair
of supersymmetric partner Hamiltonians H± for which the
energy of the ground state for H− is set to zero. Supersym-
metry is said to be unbroken in the case when a zero energy
state exists. Apart from the ground state of H−, the energy
levels of H± are isospectral. The energy states of the two
partner Hamiltonians are related by first order differential op-
erators through the so called intertwining relations. This pro-
cedure allow us to generate new solvable potentials starting
from a known solution. In 1983 Gendenshtein showed that the
eigenfunction and eigenvalues could be obtained algebraically
whenever a parametric relation called shape invariant is satis-
fied by the two supersymmetric partner Hamiltonians.[9] In
1984 Mielnik showed that there exists a family of equivalent
partner Hamiltonians and obtained a family of quantum po-
tentials isospectral to the harmonic oscillator.[10–15] Later,
Adrianov and Ferna´ndez introduced second order differen-
tial intertwining operators by using two iterative first order
transformations.[16–18]
There also exist other methods that yield new exactly solvable
potentials that are not related with the factorization method
and supersymmetry.[19–21] The operator transformation pro-
cedure was used by Natazon who applied it to transform the
Schro¨dinger equation into the hypergeometric and the con-
fluent hypergeometric differential equation.[22–24] There are
also other type of transformations called point canonical trans-
formations (PCT) which transform a Schro¨dinger type equa-
tion into a known Schro¨dinger equation so that the solution
is obtained through the known solution.[25–29] Here we fol-
low an alternative approach to obtain a new class of solv-
able potentials: starting from a well known exactly solv-
able Schro¨dinger equation we apply a point canonical trans-
formation and determine the neccesary conditions that will
leave Witten’s supersymmetric quantum mechanics invariant.
Therefore, the resulting transformation of coordinates will in-
terrelate the Hilbert spaces and will give the energy spectrum
and eigenfunctions in terms of those of the reference Hilbert
space. The details of the method will be presented for the har-
monic oscillator so that we will consider our reference Hilbert
space spanned by the eigenfunctions of the harmonic oscilla-
tor.
Consider then the following time independent Schro¨dinger
equation given by
[ d2
dx2
− 2m (U(x)− En)
]
ψn(x) = 0, (1)
where we have set ~ = 1. If we apply to equation (1) the
following point canonical transformation
x = q(x˜) and ψn(x) = φ(−)n (x˜)g(x˜), (2)
we get
[ d2
dx˜2
+
(
2
g′
g
− q
′′
q′
)
d
dx˜
+
(
g′′
g
− q
′′
q′
g′
g
)
− 2m(q′)2 (U(q(x˜))− En)
]
φ(−)n (x˜) = 0. (3)
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2If we add and substract to equation (3) the term
d[W (x˜)φ
(−)
n (x˜)]/dx˜ we have
d
dx˜
[dφ(−)n
dx˜
+Wφ(−)n
]
+
(
2
g′
g
− q
′′
q′
−W
)
dφ
(−)
n
dx˜
+
[(g′′
g
− q
′′
q′
g′
g
− dW
dx˜
)
− 2m(q′)2 (U(q(x˜))− En)
]
φ(−)n = 0. (4)
If we impose the following conditions over the point canonical
transformation
2
g′
g
=
q′′
q′
(5)
g′′
g
− q
′′g′
q′g
− dW
dx˜
− 2m(q′)2 (U(q(x˜))− En) = En −W 2
where En is an auxiliary constant, we can make the following
substitution dφ(−)n /dx˜ +Wφ
(−)
n =
√
Enφ
(+)
n into equation
(4) which gives us the following coupled differential equations(
d
dx˜
+W
)
φ(−)n =
√
Enφ
(+)
n → Aˆφ(−)n =
√
Enφ
(+)
n (6)(
− d
dx˜
+W
)
φ(+)n =
√
Enφ
(−)
n → Aˆ†φ(+)n =
√
Enφ
(−)
n (7)
The above equations are the so called intertwining relations
and can be reduced to two uncoupled Schro¨dinger equations
given by
−d
2φ
(−)
n
dx˜2
+
(
W 2 − dW
dx˜
)
φ(−)n = Hˆ−φ
(−)
n = Enφ
(−)
n (8)
−d
2φ
(+)
n
dx˜2
+
(
W 2 +
dW
dx˜
)
φ(+)n = Hˆ+φ
(+)
n = Enφ
(+)
n . (9)
Clearly, W is the so called superpotential and Hˆ± are super-
symmetric partner Hamiltonians which can be factorized as
Hˆ− = Aˆ†Aˆ and Hˆ+ = AˆAˆ†, respectively.
Given the energy spectra En and eigenfunctions ψn(x) of
a physical system described by the potential energy func-
tion U(x) we can choose a point canonical transformation
x = q(x˜) such that we can determine the superpotential and
energy spectra of the supersymmetric partner Hamiltonians
from equation (5). To this end, we consider two possible point
canonical transformations that will result in a constant term on
the left hand side of equation (5), which will be identified with
the energy En. The first possibility is the identity coordinate
transformation, i.e. x = q(x˜) = x˜. For this choice of point
canonical transformation we have g(x˜) = q′ = 1 and substi-
tuting in equation (5) we get
− dW
dx˜
− 2m (U(q(x˜))− En) = En −W 2 (10)
Adding and subtracting 2mE0 in equation (10) we have
− dW
dx˜
− 2m ((U(q(x˜))− E0)− (En − E0)) = En −W 2
(11)
Since the superpotential has to be independent of the index n
we have to choose En = 2m(En −E0). Note that we have set
the energy of the ground state of Hˆ− to zero. The energy spec-
tra of the two partner Hamiltonians Hˆ± are the same, the only
exception is the ground state of Hˆ−, which lacks a counter
part in Hˆ+. The superpotential is obtained by solving the fol-
lowing Ricatti differential equation
− dW
dx˜
− 2mU−(q(x˜)) = −W 2 (12)
where U−(q(x˜)) = U(q(x˜))− E0. One can easily verify that
a particular solution of equation (12) is given in terms of the
ground state wave function by
W (x˜) = − 1
ψ0(q)
dψ0
dq
q′ (13)
Therefore, the solutions of the two partner Hamiltonians
with potentials U±(q(x˜)) = W 2 ± dW/dx˜ are related by
φ
(−)
n (x˜) = ψn(x) and φ
(+)
n (x˜) = Aˆφ
(−)
n (x˜)/
√
En for n =
0, 1, 2. · · · . Thus, the corresponding zero energy is missing
from the spectrum of Hˆ+.
At this stage, it is natural to ask wether it is possible to find an-
other point canonical transformation that will result in a con-
stant term on the left hand side of equation (5), which will be
identified with the energy En. We find that this is indeed the
case if we set (
dq
dx˜
)2
U(q) =
m
σ2
(14)
where σ2 is an adjustable parameter. If we substitute equation
(14) into equation (5) we have
g′′
g
− q
′′g′
q′g
− dW
dx˜
− 2m
(m
σ2
− (q′)2En
)
= En−W 2 (15)
If we choose W = g′/g + ξ(x˜) in equation (15) we have
− dξ
dx˜
− 2m
(
m
σ2
− mEn
σ2U(q)
)
= En − q
′′
q′
ξ − ξ2 (16)
In order to solve equation (16) we need to specify first the
potential U(q) since the potential depends on the parameter
3σ. Therefore, we will solve equation (16) for the case of the
harmonic oscillator potential, i.e. U(q) = mω2q2/2. Us-
ing equation (14) we have the following first order differential
equation
√
U(q)dq =
√
m
σ
dx˜ (17)
From equation (17) we obtain x = q(x˜) =
√
2
√
2x˜/ωσ.
Note that this coordinate transformation is defined only for
0 < x˜ < ∞. Using the solution of equation (17) we obtain
for the potential energy U(q(x˜)) =
√
2mωx˜/σ and the term
q′′/q′ = −1/2x˜. Substituting these two terms in equation
(16) we have
− dξ
dx˜
− 2m
(
m
σ2
− En√
2ωσx˜
)
= En +
1
2x˜
ξ − ξ2 (18)
Since the superpotential has to be independent of the index n
we must choose σ = En/m. Adding and subtracting 2m4/E20
into equation (18) we have
− dξ
dx˜
−2m
(
m3
E2n
− m
3
E20
+
m3
E20
− m√
2ωx˜
)
= En+
1
2x˜
ξ−ξ2
(19)
Choosing En = 2m4(E−20 −E−2n ) in equation (19) we get the
following Ricatti differential equation for ξ
− dξ
dx˜
− 2m
4
E20
+
2m2√
2ωx˜
=
1
2x˜
ξ − ξ2 (20)
One can easily verify that a particular solution to equation (20)
is given by ξ(x˜) = 2
√
2m2/ω. The general solution of equa-
tion (20) might be obtained once we know a particular solu-
tion and will give us a family of superpotentials. If we let
ξ(x˜) = 2
√
2m2/ω + 1/z(x˜) and substitute in equation (20)
we get the following linear differential equation for z, i.e.
dz
dx˜
=
(
1
2x˜
− 4
√
2m2
ω
)
z − 1. (21)
The general solution of equation (21) is given by
z(x˜) =
1
2m
√
ωpix˜√
2
e−4
√
2m2x˜/ωErfi
[√4√2m2x˜
ω
]
(22)
+C
√
x˜e−4
√
2m2x˜/ω
where Erfi[x˜] is the imaginary error function and C is an in-
tegration constant. We will restrict ourselves to use only the
particular solution such that the superpotential for our case is
given by W (x˜) = q′′/2q′ + ξ = −1/4x˜+ 2√2m2/ω.
We are now ready to obtain the supersymmetric partner
Hamiltonians for the harmonic oscillator with their energy
spectra and eigenfunction using the standard rules of super-
symmetric quantum mechanics. We will set m = ω = 1 for
simplicity. The results of using the point canonical transfor-
mation given by equation (17) are as follows:
En = 8
(
1− 1
(2n+ 1)2
)
(23)
U−(x˜) = 8− 3
16x˜2
−
√
2
x˜
(24)
U+(x˜) = 8 +
5
16x˜2
−
√
2
x˜
(25)
φ(−)n (x˜) =
(
29
√
2x˜
(2n+ 1)5
)1/4 Hn (√4√2x˜)√
2nn!
√
pi
e−2
√
2x˜/(2n+1)
(26)
φ(+)n (x˜) =
n+ 3/2
2
√
2((n+ 3/2)2 − 1/4) Aˆφ
(−)
n+1, (27)
where Hn(q) are the Hermite polynomial. Again, the corre-
sponding zero energy is missing from the spectrum of Hˆ+.
Interestingly, we see from equation (23) that the energy spec-
tra of the partner Hamiltonians Hˆ± is not isospectral to the
reference Hamiltonian, i.e. En = n+ 1/2.
Figure (1) shows the graph of |φ(−)n |2 as a function of x˜. We
see that all the eigenfunctions for the partner Hamiltonian Hˆ−
are well behaved at the origin, i.e. lim
x˜→0
φ
(−)
n → 0.
In figures (2) and (3) we show the graphs of |φ(−)n |2 as a func-
tion of x˜ for n even and n odd, respectively. From the figures
we see that half of the eigenfunctions for the partner Hamilto-
nian Hˆ+ are well behaved at the origin, i.e. lim
x˜→0
φ
(+)
2n+1 → 0.
Note also that the supersymmetric partner Hamiltonian Hˆ+
1 2 3 4 5
x
∼
0.5
1.0
1.5
2.0
2.5
|ϕ
n
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FIG. 1: The graph shows the probability distributions of the first sta-
tionary states of the partner Hamiltonian Hˆ−. Note how the |φ(−)n |2
goes to zero at the origin.
has exactly the same structure as the radial equation.[30] For
this case, only the solutions given by φ(+)2n+1 satisfy the correct
boundary conditions for a Hydrogen like potential.
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FIG. 2: The graph shows the probability distributions for n =
0, 2, 4, 6 for the stationary states of the partner Hamiltonian Hˆ+.
Note how the |φ(+)2n |2 blows up as x˜ → 0. Nevertheless, the eigen-
functions φ(+)2n are normalizable functions.
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FIG. 3: The graph shows the probability distributions for n =
1, 3, 5, 7 for the stationary states of the partner Hamiltonian Hˆ+.
Note how the |φ(+)2n+1|2 goes to zero at the origin.
One can use this new approach to construct new superpo-
tentials from energy dependent potentials. Energy dependent
potentials for the non relativistic Schro¨dinger equation arise
from momentum dependent interactions. [31, 32] In our case
we are going to obtain the superpotentials from a toy model of
a harmonic oscillator under an energy dependent force. The
energy dependent potential of this toy model is given by
U(q, En) = 1
2
mω2q2 − λE3/2n q = UHO(q)− λE3/2n q (28)
where λ is a constant to ensure dimensional consistency. The
unnormalized eigenfunctions of the Schro¨dinger equation for
the potential given by (28) are ψn(x) = NnHn(
√
mω(x −
λEn/mω2))e−mω(x−λEn/mω2)2/2, with the energy spectra
satisfying the following cubic equation:
E3n +
2mω2
λ2
En − 2mω
3
λ2
(
n+
1
2
)
= 0 (29)
If we choose our point canonical transformation to be given
by (
dq
dx˜
)2
UHO(q) =
m
σ2
(30)
we get from equation (30) te following point canonical trans-
formation x = q(x˜) = −
√
2
√
2x˜/ωσ. Note that this time we
have chosen the coordinate transformation to be negative. Us-
ing the solution of equation (30) we have the following equa-
tion for ξ(x˜):
− dξ
dx˜
−2m
m3
E2n
− m√
2ωx˜
1− λ
√
2
√
2mx˜
ω
 = En+ 1
2x˜
ξ−ξ2
(31)
where we have chosen σ = En/m. Adding and subtracting
2m4/E20 into equation (31) and choosing En = 2m4(E−20 −
E−2n ) we get the following Ricatti differential equation
− dξ
dx˜
− 2m
4
E20
+
2m2√
2ωx˜
1− λ
√
2
√
2mx˜
ω
 = 1
2x˜
ξ − ξ2
(32)
One can easily verify that a particular solution to equation (32)
is given by
ξ(x˜) =
√
2m2
E0 +
λE0
2ω3/2
√
2
√
2m
x˜
. (33)
The superpotential for this case is given then by
W (x˜) = − 1
4x˜
+
√
2m2
E0 +
λE
2ω3/2
√
2
√
2m
x˜
. (34)
The supersymmetric partner potentials for this case are given
by
U−(x˜) =
2
E20
− 3
16x˜2
+
E30λ2 − 1√
2E0x˜
+ 2λ
√√
2
x˜
(35)
U+(x˜) =
(√
2
E0 +
λE0√√
2x˜
− 1
4x˜
)2
+
1
4x˜2
−λE0
4
(√
2
x˜
)3/2
.
(36)
where we have set m = ω = 1. Note that the partner
superpotentials given in equations (35) and (36) reduce to
the partner superpotentials given by equations (24) and (25)
when λ→ 0 and E0 → 1/2.
In conclusion, we have demonstrated that for a given
potential U(x) and energy spectra En the algebra of unbroken
supersymmetric quantum mechanics can be obtained through
a coordinate transformation given by x = q(x˜) where
q(x˜) = S−1(
√
mx˜/σ) where S(y) =
∫ √
U(y)dy.
This coordinate transformation is used to generate a new
class of supersymmetric partner Hamiltonians which are not
5isospectral to the seed Hamiltonian, in contrast to standard
supersymmetric quantum mechanics. These results provide
a new way to obtain exactly solvable potentials in one
dimensional quantum mechanics.
We should point out that there might be other point canonical
transformations that could result in a constant term in the left
hand side of equation (5) that could be interpreted as En and
that will result in other classes of supersymmetric partner
Hamiltonians.
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